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  Abstract 
 
This paper provides the solution of the Riemann-Paperitz equation with 
singular points at ˆz i= ± . This solution is obtained by mapping the singular 
points into points 0, . The solution is then obtained in terms of the Gauss 
hypergeometric function. 
∞
 
  1  Introduction 
 
The object is the following equation 
 
  ( ) ( ) ( )222 221 2 1 4d y dyz az z b czdz dz+ + + + + 0y =  (1) 
 
where   is an unknown function, ( )y z z∈^  is a variable and , ,a b c∈^  are constants. 
(Factors 2 and 4 in (1) are introduced for convenience). The equation is a special case of 
the Riemann-Papperitz equation ([3],[4]) with only two regular singular points at 
ˆz i= ± . The equation of type (1) appears in the dynamics of a disk (having finite 
thickness) rolling on a rough plane.  
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Note. The solution of the equation of type ( ) ( )222 221 1d y dyz az z bydz dz 0+ + + + =  can be 
found in [2] (equation 2.368)  
 
The equation will be solved in the usual way ([3],[4]). First the equation’s singular 
points will be mapped by bilinear transformations into the points 0, . Then the 
transformed equation will be reduced to the Gauss hypergeometric equation ([3],[4]). 
This equation has the form 
∞
 
  ( ) ( )2 21 1d Y dYt t t Ydt dtγ α β αβ⎡ ⎤− + − + + −⎣ ⎦ 0=  (2) 
 
and has solutions including 
 
  ( ) ( )11 2, , , 1, 1,2 ,Y C F t C t F tγα β γ α γ β γ γ−= + − + − + −  (3) 
 
where F is the Gauss hypergeometric function with , ,α β γ  as parameters and t as the 
argument, and  are arbitrary constants.  1 2,C C
 
  2 Solution 
 
The function 
  
ˆ
ˆ
z it
z i
−= +  (4) 
 
where ˆ 1i = − , maps singular points ˆ ˆ,z i i= −  to points 0,t = ∞ . Also it maps the 
interior of the unit circle 1t ≤  to the upper half space 0zℑ ≥ . The inverse 
transformation of (4) is 
 
  1ˆ
1
tz i
t
+= −   (5) 
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Using (5), equation (1) is transformed to 
 
  ( ) ( ) ( ) ( )22 2 ˆ ˆ1 2d y dyt t t a a t b ic t b ic ydt dt ⎡− + − − + − − +⎡ ⎤⎣ ⎦ ⎣ 0⎤ =⎦  (6) 
 
where ( ) ( )( )y z t y t= . The solution of (6) is assumed to be of the form ([3]) 
 
  ( ) ( )y t t Y tλ=  (7) 
 
where λ  is constant and ( )Y t  the function which are both to be determined. 
Substituting (7) into (6) yields the hypergeometric equation 
 
  ( ) ( ) ( ) ( ) ( )2 22 ˆ1 2 2 2 1d Y dYt t a a t a b ic Ydt dtλ λ λ λ⎡ ⎤− + + − + − − + − − −⎡ ⎤⎣ ⎦ ⎣ ⎦ 0=  (8) 
 
where λ  is any one of the solutions of the quadratic equation 
 
  ( ) ( )2 ˆ1 a b icλ λ 0− − − + =  (9) 
 
The solution ( )Y t  of  (8) has the form (3), where,  by comparing  (2)  and (8), the 
parameters , ,α β γ  are 
 
  ( ) ( )2 ˆ2 1 2 1a a aγ λ α β λ αβ λ λ= + + = + − = + − − −b ic  (10) 
 
It is seen from (10) that α  and β  are solutions of the quadratic equation 
. If the solution of  (9) is selected to be ( )2 0z zα β αβ− + + =
 
  ( ) ( )21 ˆ, 1 42a a b iλ − + ∆= ∆ ≡ − + c+  (11) 
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then by (10), it follows that 
 
  
( ) ( )
* *
2*
1 , 1 ,
2 2
ˆ1 4
a a
a b ic
α β∆ + ∆ ∆ −∆ 1γ= − + = − + = + ∆
∆ ≡ − + −
 (12) 
 
The solution of  (1), using (7), (11) and (12), can now be written in the form 
 
  ( ) ( )11 2, , , 1, 1,2 ,y C t F t C t F tλ λ γα β γ α γ β γ γ+ −= + − + − + −  (13) 
 
or, reverting from t to the variable z, using (4) , of 
 
  
1
1
2
ˆ ˆ
, , ,ˆ ˆ
ˆ ˆ
1, 1, 2 ,ˆ ˆ
z i z iy C F
z i z i
z i z iC F
z i z i
λ
λ γ
α β γ
α γ β γ γ
+ −
⎛ ⎞ ⎛ ⎞− −= ⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛− −+ − + − + −⎜ ⎟ ⎜+ +⎝ ⎠ ⎝
⎞⎟⎠
 (14) 
 
Solution (14) can be put in various forms by using the transforming formulas for F 
functions ([1][3][4]). 
 
3  Conclusion 
 
A solution of the equation 
 
  ( ) ( ) ( )222 221 2 1 4d y dyz az z b czdz dz+ + + + + 0y =  (15) 
is 
   
  
1
1
2
ˆ ˆ
, , ,ˆ ˆ
ˆ ˆ
1, 1, 2 ,ˆ ˆ
z i z iy C F
z i z i
z i z iC F
z i z i
λ
λ γ
α β γ
α γ β γ γ
+ −
⎛ ⎞ ⎛ ⎞− −= ⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛− −+ − + − + −⎜ ⎟ ⎜+ +⎝ ⎠ ⎝
⎞⎟⎠
 (16) 
where  
 4
   
* *1 , 1 , 1 , 1
2 2 2
a a aλ α β γ− + ∆ ∆ + ∆ ∆ −∆= = − + = − + = + ∆  (17)  
 
and 
  ( ) ( ) ( ) ( )2 *ˆ1 4 1 4a b ic a b i∆ ≡ − + + ∆ ≡ − + −2 cˆ  (18) 
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